We present ab initio lattice calculations of the low-energy even-parity states of 16 O using chiral nuclear effective field theory. We find good agreement with the empirical energy spectrum, and with the electromagnetic properties and transition rates. For the ground state, we find that the nucleons are arranged in a tetrahedral configuration of alpha clusters. For the first excited spin-0 state, we find that the predominant structure is a square configuration of alpha clusters, with rotational excitations that include the first spin-2 state. . Another puzzling feature is presented by the pattern of higher-spin excitations which include the lowest spin-2 state, indicating possible rotational bands of deformed states.
The most abundant nucleus by weight in the Earth's crust is 16 O, which also forms a key ingredient of life as we know it. In addition to its ubiquity and central role as a life-generating element, the spectrum and structure of 16 O presents several long-standing puzzles in nuclear physics. In the nuclear shell model, the ground state of 16 O with spin-parity J p = 0 + consists of doubly-closed p-shells. Recently, several ab initio calculations have improved on the shell-model description of the ground state of 16 O [1] [2] [3] . Still, a number of key features of the 16 O spectrum remain difficult to address within a shellmodel description. One such difficulty is that the first excited state has 0 + spin-parity quantum numbers [4] . Another puzzling feature is presented by the pattern of higher-spin excitations which include the lowest spin-2 state, indicating possible rotational bands of deformed states.
Since the early work of Wheeler [5] , there have been theoretical studies of 16 O based on alpha cluster models [6] [7] [8] [9] [10] [11] [12] and some experimental evidence for alpha-particle states in 16 O from the analysis of decay products [13] . The case for an alpha-12 C resonant cluster structure of the excited rotational band in 16 O was established in Ref. [14] . While such models have been able to describe some of the puzzles in the structure of 16 O on a phenomenological (or geometrical) level, there has so far been no support for the alpha cluster structure of 16 O from first-principles calculations. In this letter, we present an ab initio lattice calculation of the low-lying evenparity states of 16 O using the framework of Nuclear Lattice Effective Field Theory (NLEFT), which combines chiral nuclear EFT with lattice Monte Carlo simulations. From these considerations, we will provide evidence that the nucleons in the ground state of 16 O are arranged in a tetrahedral configuration of alpha clusters. For the first excited 0 + state, we find a predominantly square configuration of alpha clusters, the rotational excitations of which include the first 2 + state.
In chiral nuclear EFT, the interactions among nucleons are organized according to their importance based on a systematic expansion in powers of Q/Λ, where the "hard scale" Λ 1 GeV. The "soft scale" Q is associated with nucleon threemomenta and the pion mass m π . The dominant contributions to the nuclear Hamiltonian appear at O(Q/Λ) 0 or leading order (LO), while the next-to-leading order (NLO) terms are of O(Q/Λ) 2 and involve the two-nucleon force (2NF) only. In the results for 16 O presented here, all relevant contributions to the nuclear Hamiltonian are taken into account up to O(Q/Λ) 3 , or next-to-next-to-leading order (NNLO). In particular, this includes the three-nucleon force (3NF) which first appears at NNLO. The electromagnetic force, which is an important ingredient in nuclear binding, is also included consistently and systematically (for details, see Ref. [21] ). For recent reviews of chiral nuclear EFT, see Refs. [15, 16] .
Our NLEFT calculations of 16 O employ the same lattice action and algorithms previously used to study 12 C with emphasis on the structure and quark mass dependence of the Hoyle state [17] [18] [19] , and for nuclei up to A = 28 [20] . Our calculations use a periodic cubic lattice with a spatial lattice spacing of a = 1.97 fm and a length of L = 11.82 fm. Euclidean time propagation is then used to project onto low-energy states of the 16 O system. For any initial A-nucleon trial state Ψ, the projection amplitude is defined as the expectation value exp(−Ht) Ψ , where H denotes the Hamiltonian. For large Euclidean time t, the exponential operator projects out the low-lying states, the energies of which are determined from the exponential decay of the corresponding projection amplitudes. In the Euclidean time direction, we have a temporal lattice spacing of a t = 1.32 fm. The number of Euclidean time steps N t is varied in order to reach the limit N t → ∞ by extrapolation. Recent reviews of methods relevant to our NLEFT calculations can be found in Refs. [22, 23] .
The energy of the ground state of 16 O was already calculated using NLEFT in Ref. [20] , where multiple initial trial states were employed in order to increase the accuracy of the N t → ∞ extrapolation. However, the structure of the ground state of 16 O was not explored. In order to gain insight into the structure of the lowest states in the spectrum of 16 investigate the Euclidean time evolution of specific initial trial states formed out of alpha clusters. For details on the implementation of such states on the lattice, see Ref. [18] . Our alpha cluster trial states are illustrated in Figs. 1(a) and 1(b).
In particular, we introduce a tetrahedral configuration of alpha clusters which we refer to as initial state "A", and a set of square configurations of alpha clusters. From the latter, we distinguish between initial state "B" where the alpha clusters are relatively compact, and initial state "C" where the alpha clusters have a greater spatial extent. In each case the alpha clusters are overlapping Gaussian distributions with an initial radius of 2.0 fm for "B" and 2.8 fm for "C".
Our NLEFT results at LO are shown in Fig. 2 , where we plot the LO energy as a function of Euclidean projection time. The maximum extent in N t which can be explored without resorting to an extrapolation is limited by sign oscillations. The solid lines show exponential fits used for the N t → ∞ extrapolation (see Ref. [20] for more details about this procedure). In Panel I of Fig. 2 , we show our NLEFT results obtained by starting the Euclidean time projection from a tetrahedral configuration of alpha clusters corresponding to initial state "A". The dashed horizontal line in Panel I of Fig. 2 shows the LO energy for the 0 + 1 ground state of 16 O found in Ref. [20] , and the extrapolated energy for initial state "A" is completely consistent with the value −147.3(5) MeV reported in Ref. [20] . We also find excellent agreement between the results based on initial state "A" and those reported in Ref. [20] for the NLO and NNLO corrections to the ground state, shown in Fig. 3 . We find evidence for a 3 − rotational excitation of this tetrahedral configuration. However, these results will be presented in a future publication on the odd-parity excitations of 16 O.
In Panel II of Fig. 2 , we present our NLEFT results for the LO energy based on Euclidean time projection from initial states "B" and "C". As will be shown below, these correspond to the excited 0 + 2 state of 16 O. The extrapolated LO energies for "B" and "C" give a common value of −145(2) MeV, which is just slightly above the energy of the ground state. While there is some overlap between initial states "B" and "C" and state from initial states "B" and "C", and the dotted line indicates the result of the extrapolation N t → ∞. These extrapolations are correlated with those for the higher-order corrections shown in Fig. 3 . the ground state, it is an order of magnitude smaller than for the 0 + 2 . Therefore, we find a large window in N t where the signal for the 0 + 2 state can be extracted without a full coupledchannel analysis.
We are now in a position to verify that the ground state of 16 O maintains the tetrahedral arrangement of alpha clusters characteristic of initial state "A", and that the excited 0 + 2 state maintains the square arrangement of alpha clusters in initial states "B" and "C". In order to do this, we measure the expectation value of four-nucleon (4N) density operators, where each of the four nucleons are located on adjacent lattice sites, thus forming either a tetrahedron or a square. In Panel I of the previous NLEFT calculations of the ground state of 16 O in Ref. [20] . For initial state "A", ρ t 4N (t) for small N t is somewhat larger than this value. It, however, agrees perfectly with the quoted result in the limit N t → ∞. We thus conclude that a significant tetrahedral correlation of alpha clusters exists in the ground state of 16 O. In contrast, ρ t 4N remains roughly a factor of 3 smaller in the limit N t → ∞ for initial states "B" and "C". Hence, it becomes clear that these trial wave functions converge to a state distinct from the ground state under Euclidean time projection, which we identify as the excited 0 Table I , we summarize our NLEFT results for the lowenergy even-parity spectrum of 16 O. The column labeled "LO (2N)" refers to the LO energies, which depend on the 2NF only. We note that the LO results include some higher order contributions due to the smearing of the 4N operators [24] . Similarly, "NNLO (2N)" takes into account all 2NF contributions to the Hamiltonian up to NNLO in the chiral expansion, and "+3N" gives the result when the 3NF at NNLO is 16 O (in MeV). The errors are one-standarddeviation estimates which include both statistical Monte Carlo errors and uncertainties due to the extrapolation N t → ∞. The notation is identical to that of Ref. [20] . accounted for. For the employed improved lattice implementation of the 3NF see Ref. [20] . The column labeled "+4N eff " gives our final result, after taking into account the effective 4N nearest-neighbor interaction introduced in Ref. [20] , which was tuned to the empirical binding energy of 24 Mg. It should be noted that all contributions at NLO and NNLO are treated in perturbation theory.
In addition to the 0 + 1 and 0 + 2 states, we also show in Table I the energy of the 2 + 1 state in the E representation of the cubic symmetry group. This state is a rotational excitation of the 0 + 2 state. We find that the E representation of the 2 + 1 state is nearly degenerate with the 0 + 2 state. Overall, the empirical low-energy spectrum of 16 O is reproduced relatively well. The NNLO results with the 3NF included show an overbinding of 10%, and a somewhat too small excitation energy for the 0 + 2 and 2 + 1 states. While these problems are remedied by the effective 4N interaction introduced in Ref. [20] , in future studies the necessary corrections should be provided by a combination of the hitherto missing next-to-next-to-next-toleading order (N3LO) terms and a reduced lattice spacing.
In Table II , we first show the NLEFT results for the charge radii of the low-energy even-parity states of 16 O at LO. We find that the LO result for the ground state is 20% smaller than the empirical value. This result is consistent with the observed 20 MeV overbinding at LO. The charge radii are expected to increase significantly as the energy is pushed closer to the 12 C + α threshold, especially for the 0 + 2 and 2 + 1 states which are close to that threshold. Unfortunately, calculations of the higher-order corrections to the charge radii and other electromagnetic observables are computationally significantly more expensive than the LO calculations, and therefore go beyond the scope of the current analysis. We are working on the inclusion of these higher-order corrections in a future publication.
We subsequently give in Table II the NLEFT results at LO for the electric quadrupole moment of the 2 + 1 state, the electric quadrupole (E2) transition probabilities, and the electric monopole (E0) matrix element. Since the LO charge radius r LO of the ground state is smaller than the empirical value r exp , a systematic deviation appears, which arises from the overall size of the second moment of the charge distribution. To compensate for this overall scaling mismatch, we have also calculated "rescaled" quantities multiplied by powers of the ratio r exp /r LO , according to the length dimension of each observable.
With the scaling factor included, we find that the NLEFT predictions for the E2 and E0 transitions are in good agreement with the experimental values. In particular, NLEFT is able to explain the empirical value of B(E2, 2 NLEFT results for the charge radius r, the quadrupole moment Q, and the electromagnetic transition amplitudes for E2 and E0 transitions, as defined in Ref. [25] . We compare with empirical (Exp) values where these are known. For the quadrupole moment and the transition amplitudes, we also show "rescaled" LO results, which correct for the deviation from the empirical value of the charge radius at LO (see main text). The uncertainties are one-standard-deviation estimates which include the statistical Monte Carlo error as well as the errors due to the N t → ∞ extrapolation.
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2.1(7) 3.0(1.4) 3.6(2) [29] tial states that consist of a compact triangle of alpha clusters and a fourth alpha cluster, located either in the plane of the triangle (square-like) or out of the plane of the triangle (tetrahedral).
We should mention that all of the low-energy states of 16 O discussed in this letter can also be obtained by Euclidean time projection acting upon initial states with no alpha clustering at all. We can measure the degree of alpha cluster formation by calculating the local four-nucleon density as a function of projection time. For non-alpha-cluster initial states, the local four-nucleon density starts very low and then increases substantially with projection time. For alpha-cluster initial states, however, the local four-nucleon density starts much higher and then remains elevated as a function of projection time. This gives us confidence that the observed formation of alpha clusters in our lattice simulations are not produced a particular choice of initial states but rather the result of strong fournucleon correlations in the 16 O system.
In summary, we have presented ab initio results for the low-energy even-parity states of 16 O using NLEFT, that are in good agreement with available empirical data for the energy spectrum and electromagnetic properties. We have also made advances in the understanding of the structure of 16 O. In particular, we have presented an ab initio confirmation of the underlying structures of the ground state and the first excited state. For the ground state, we find that the nucleons are dominantly arranged in a tetrahedral configuration of alpha clusters. For the first excited state, the predominant structure is a square-like configuration of alpha clusters, with rotational excitations that include the first spin-2 state. Much remains to be studied in the 16 O system, such as the computation of the odd-parity spectrum and the inclusion of corrections beyond LO for the electromagnetic observables. We also plan to decrease the lattice spacing and to include the N3LO corrections. This should enable us to describe the spectrum of 16 O to better accuracy without an effective 4N interaction.
